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Introduction
Efficient, lightweight, stiffened panels that are subjected to compression loads are often designed to take advantage of the postbuckling stiffness and strength of their plate elements. More specifically, the flat plate elements exhibit stable postbuckling behavior and, as a result, can often support loads significantly greater than their buckling load. Prior to buckling, the axial stresses in each plate element are typically uniform across the width of a compression-loaded plate. When a flat plate element buckles, the axial stiffness of the central region of the plate element is reduced as a result of the corresponding bending deformations, and the internal axial load path is redistributed from the central region of the plate element toward the adjacent stiffeners of the stiffened panel. Thus, the stiffened panel behaves as if the load is supported by the stiffeners and by a portion of the plate elements adjacent to each stiffener. The width of a plate element that effectively supports part of the applied load is known as the effective width of the plate. [1] [2] [3] [4] Historically, the effective-width concept appears to have originated in the design of ship plating. 2 Around 1932, von Kármán, Sechler, and Donnell became the first to apply the effective-width concept to all-metal aircraft construction. 1 The motivation for this work was to establish a simple design-oriented analysis that approximates the stiffness of the buckled plate elements in the calculation of the stiffener strength and the ultimate load capacity of the stiffened panel. Designing a panel to allow plate buckling above a specified design load provides a lighter weight panel because the plate will be thinner than a plate designed to resist buckling. Currently, the effective-width concept remains in use as an important preliminary design tool, not only for metallic, stiffened aircraft panels, but also for laminated composite stiffened aircraft panels.
A common structural detail that is present in many stiffened panels is a cutout. For example, cutouts are used to reduce weight, to provide access to various locations inside an aircraft, and to permit hydraulic and electrical lines to pass through the structure. Thus, the effect of a cutout on the postbuckling behavior of a plate and its effective width is important in the design of aircraft structures. A recent survey of the postbuckling behavior of plates with a cutout is given in Ref. 5 and indicates that the effect of a cutout on the effective-width of a plate has received relatively little attention, compared to plate buckling behavior.
The present paper describes the results of a study of the effects of cutouts and laminate construction on the prebuckling and initial postbuckling responses and the effective width of compression-loaded, symmetrically laminatedcomposite plates and aluminum plates. In particular, the behavior of square plates that are subjected to a uniform edge displacement is presented. First, the effective-width concept is presented in terms of prebuckling and initial postbuckling stiffnesses of a plate, and is then extended to include plates with a cutout. Then, results are presented for the effective width of aluminum and graphite-epoxy plates that are based on the experimentally measured prebuckling and postbuckling stiffnesses that have been presented in Refs. 6 and 7. Next, results obtained by using the STAGS finite-element analysis code 8 are presented for corresponding geometrically perfect plates with nominal dimensions and idealized boundary and loading conditions. Behavioral trends that are exhibited by the experimental and finite-element analysis results are then presented and compared for aluminum plates and for composite plates with six laminate families and cutout-diameter-to-plate-width ratios d/W ranging from 0 to 0.66. In addition, a general, compact design curve that can be used to present and compare the effective widths of a wide range of laminated-composite plate constructions is presented. A discussion of how the results can be used and extended to include certain types of centralized damage, cracks, and other structural discontinuities or details that affect the axial stiffness of a plate is also presented.
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Background and Analysis
The effective-width concept is based on the behavior of plates that are subcomponents of a stiffened structural configuration, such as a wing or fuselage, that are loaded in compression. In particular, the concept was developed for a plate subcomponent that is attached to two stiff frames and two less stiff stringers, and that is surrounded by other similar panels, frames, and stringers. For this arrangement, the effective-width concept assumes that the plate edges remain straight during loading; because of the stiffness provided by the adjacent structure. However, the effective width concept can also be applied to plates that are supported such that the unloaded edges are free to deform in the plane of the plate. This type of support condition is often simulated in the laboratory (e.g., Ref. 6) and is the focus of the present study.
The effective-width concept, at the plate subcomponent level, is based on the redistribution of the axial stress resultant, N x , at the loaded edges when a compression-loaded plate buckles, as illustrated in Fig. 1 . For example, a perfectly flat compression-loaded plate with simply-supported edges remains flat and N x is uniformly distributed across the loaded edges prior to buckling ( Fig. 1(c) ). When the plate buckles, a significant portion of the plate's central region exhibits relatively large out-of-plane displacements which reduce the effective axial stiffness ( Fig. 1(b) ). When the stiffness of the central region of the plate is reduced, the internal loads are redistributed toward the side supports and N x becomes nonuniform across the loaded edges ( Fig. 1(d) ). This change in internal load distribution corresponds to the abrupt change in slope of the load versus end-shortening curve shown in Fig. 1(b) . A common practice in the preliminary design of stiffened panels is to replace the nonuniform N x distribution at the loaded edges with a uniform load distribution (N x ) max over a reduced width W e (the effective width), as shown in Fig. 2 . This approximation is often used to estimate the required strength of stringers for postbuckling strength and represents a simple way to incorporate nonlinear behavior into a design. The symbol (N x ) max represents the maximum value of N x that occurs at the loaded edges of a plate ( Fig. 2(a) ). The value of W e is determined by equating the load P that acts on the plate with the load given by (N x ) max times the effective width (see Ref. 4) ; that is (1) Following Ref. 9, Eq. (1) is written as (2) in which the term is interpreted as the load in an unbuckled plate, corresponding to a given value of postbuckling end-shortening ∆ , if the plate was unbuckled. This interpretation of Eq. (1) is illustrated in Fig. 3, where . Thus, the ratio of the effective width to the actual width is expressed as
The experimental results that are presented in Refs. 6 and 7 indicate that in many cases the postbuckling branch of the load versus end-shortening curves for elastic plates remains essentially linear for loads up to nearly twice the buckling load. With the aid of Fig. 3 , the ratio of the effective width to the actual width for bilinear load versus endshortening curves can be expressed in terms of the prebuckling stiffness,
, and the postbuckling stiffness S* by either of the following equations (4) (5) where P cr is the buckling load, is the average strain at buckling, and is the average strain in the plate for the load P. Compression-loaded plates with a centrally located cutout exhibit a reduction in their effective axial prebuckling stiffness and a redistribution of the internal loads toward the unloaded edges, as illustrated in Fig. 4 . Moreover, this effect is amplified when a plate with a cutout buckles. Thus, it is possible to introduce an effective-width concept for plates with a cutout in both the prebuckling and postbuckling ranges by following the same rationale that has been presented above. The relationship between the axial stiffness of an unbuckled plate without a cutout, , and the stiffnesses of an unbuckled and buckled plate with a cutout is illustrated in Fig. 5 . In the prebuckling range, the effective-width ratio defined by Eq. (3) can be expressed by (see Fig. 5 ) (6) where S 0 is the prebuckling stiffness of the corresponding plate with a cutout. In the postbuckling range, the ratio of 
the effective width to the actual width for bilinear load versus end-shortening curves can be expressed in terms of the prebuckling stiffnesses and S 0 and the postbuckling stiffness S of the corresponding plate with a cutout by either of the following equations (7) (8)
Finite-Element Model and Analyses
Nonlinear finite-element analyses were conducted in the present study to provide insight into the experimental response trends that are subsequently presented herein. The plates were analyzed with the STAGS finite-element code. 8 A typical finite-element model of a perfectly flat plate with a centrally located, circular cutout that was used in the study is illustrated in Fig. 6 . Points on the plate mid-surface are located by an x-y-z coordinate frame whose origin is at the top left corner of the plate. The plate length and width are defined as L and W a , respectively, and the cutout diameter is denoted by d. The nominal plate lengths and widths were 10.0 in. for all plates. Cutout diameters ranged from 0 to 6.6 in. Both aluminum and graphite-epoxy composite plates were considered in this study. The aluminum plates were made of 6061-T6 alloy sheets and were modeled with a uniform, average measured thickness of 0.0647 in. The nominal material properties for 6061-T6 aluminum alloy are: Young's modulus E = 10.0 x 10 6 psi and Poisson's ratio ν = 0.33. The laminatedcomposite plates were modeled by using a uniform thickness equal to the average measured plate thicknesses that are given in Table 1 . All of the laminated-composite plate test specimens were made of Hercules, Inc. AS4/3502 graphite-epoxy material. The nominal lamina properties reported in Ref. 6 and used herein include a longitudinal modulus E 1 = 18.5 x 10 6 psi, a transverse modulus E 2 = 1.6 x 10 6 psi, an inplane shear modulus G 12 = 0.832 x 10 6 psi, and a major Poisson's ratio ν 12 = 0.35.
Idealizations of the test-fixture support conditions were used in the finite-element model. To simulate clamped loaded edges, the out-of-plane displacements, w, and the tangential displacements, v, were set equal to zero in the boundary regions of the finite-element model that extend 1/4 in. from each loaded end of a plate (see Fig. 6 ). The compression load was introduced into the plate by applying a uniform end-displacement ∆ to one end of the model while holding the other end of the panel fixed on the boundary, as illustrated in Fig.  6 ; that is, u(0,y) = ∆ and u(L,y) = 0. The simply supported, unloaded edges (knife-edge supports) were simulated by setting the out-of-plane displacement equal to zero on a line 1/4 in. from each unloaded edge of a panel. The corresponding unsupported width of the plate that is between the knife edges is given by W = 9.5 in. The tangential displacements, u, were unrestrained on the unloaded edges. In addition, the unloaded edges are free to translate in the y-coordinate direction.
The finite-element meshes used in the present study were defined by using user-written subroutines that are compatible with the STAGS finite-element code. 8 These userwritten subroutines facilitated the generation of models with different cutout sizes and mesh densities, and provided a convenient means for assessing the convergence of a given finiteelement model. Convergence studies were done for all finiteelement models and a typical converged finite-element mesh is shown in Fig. 6 . The models consist of four-noded STAGS 410 quadrilateral shell elements. The 410 element is a flat, facet-type element that is based on the Kirchoff-Love shell hypotheses and the nonlinear Lagrangian strain tensor. The element nodes include three drilling degrees of freedom and three translational degrees of freedom. Large rotations are accounted for at the element level by the use of a corotational algorithm. The element theory is documented in Ref. 8 .
The STAGS code uses both the modified and full Newton methods for its nonlinear solution algorithms. The STAGS equivalence transformation (ET) processor is used to continue beyond bifurcation points into the postbuckling response range of a solution. The ET processor allows the user to select a solution branch in the direction of growth of a bifurcation mode that has been computed for the nonlinear stress state in the neighborhood of the bifurcation point. This bifurcation mode is held constant, with a magnitude specified by the user, and the load factor in the solution is adjusted until the solution residual vanishes.
The prebuckling responses of the plates considered herein were determined by using the geometrically nonlinear, quasi-static analysis capability in STAGS. The ET processor was used to get beyond the bifurcation point and branch onto the postbuckling equilibrium path of the panels. Once the initial postbuckling path was established for a plate, the analysis was continued into the postbuckling response range by using the quasi-static analysis algorithm in STAGS. A typical finite-element model contained approximately 10,000 degrees of freedom.
The initial prebuckling stiffnesses of the geometrically perfect, idealized test specimens were obtained by computing the slope of a line passing through two solution points on the primary branch of the load versus end-shortening curve. Similarly, the initial postbuckling stiffnesses were obtained by computing the slope of the line that passes through the bifurcation point on the load versus end-shortening curve for a given specimen and that is tangent to the stable secondary equilibrium path.
Nonlinear finite-element analyses of geometrically
imperfect plates were also conducted in the present study primarily to determine the effect of initial geometric imperfections on the prebuckling stiffness of a plate and because initial geometric imperfections are known to affect the effective width of a compression-loaded plate. 10 Because no full-field or other type of initial imperfection measurement data are available, an eigen-mode imperfection characterized by a single half-wave shape along the coordinate axes and a variable amplitude was used. For these geometrically imperfect plates, the prebuckling stiffnesses were obtained in the same manner as described previously for the geometrically perfect plates.
Results and Discussion
The experimental results presented in Refs. 6 6 ] s laminated-composite plates with or without a central circular cutout and subjected to a uniform axial edge displacement are described in this section. For these results, the compression-loaded edges of the plates were clamped in a test fixture and the unloaded edges were supported by knife edges, which are intended to simulate simply supported edges. The distance between the knife edges is the unsupported width of a plate and is designated herein by the symbol W, and the relative size of the cutout is indicated by the ratio d/W. The nominal value of W is 9.5 in. for each specimen and the actual, nominal plate width W a is 10.0 in. Specific details about the test specimens and apparatus and details about the test procedure are described in Refs. 6 and 7 and are not repeated, for the most part, herein. All of the laminated-composite plates were made of Hercules, Inc. AS4/3502 graphite-epoxy material and the aluminum plates were made of 6061-T6 aluminum alloy material. The nominal material properties have been described in the previous section of the present paper.
First, the experimental results of Refs. 6 and 7 are presented in a manner that illustrates the effect of cutout size on the prebuckling and postbuckling axial stiffnesses of the aluminum plates and the laminated-composite plates. Because these experimental results exhibit some unusual trends, corresponding results that were obtained from nonlinear finite-element analyses are also presented to provide insight into the behavior. These finite-element analysis results are based on idealized geometry, boundary conditions, and loading conditions; uniform thickness distributions; and the nominal material properties that were previously described. Because of these idealizations and approximations, the finite-element analysis results are not intended to be used for test-analysis correlation. The finite-element results are used to provide a means for contrasting the behavioral trends from idealized analyses that a designer might use with the behavior that may exist in real structures. Next, effective widths are presented for selected experimental results as a function of the average axial-strain level to demonstrate the effects of laminate construction and cutout size. Finally, a compact design chart is presented that provides a means for representing effective widths of plates with or without a cutout in a general manner. Additional charts, based on finite-element analyses, that illustrate the effects of plate geometry and material properties on the parameters that appear in the compact design chart are also presented.
Overall Stiffness Trends
The test results of Refs. 6 and 7 are presented together in Figs. 7-9 , and the corresponding analysis results are presented in Figs. 10-12 . Graphs of the prebuckling stiffness ratio S/ , the postbuckling stiffness ratio S/S*, and the postbuckling-to-prebuckling stiffness ratio S/S 0 that were measured experimentally are presented in Figs. 7-9 , respectively. In Fig. 7 , is the experimentally measured prebuckling stiffness of the specimen without a cutout for each family of test specimens. In Fig. 8 , S* is the experimentally measured postbuckling stiffness of the specimen without a cutout for each family of test specimens (values of and S* are given in Refs. 6 and 7). Corresponding graphs of the prebuckling stiffness ratio S/ , the postbuckling stiffness ratio S/S*, and the postbuckling-to-prebuckling stiffness ratio S/S 0 that were obtained from finite-element analyses are presented in Figs. 10-12 , respectively. In Fig. 10, = E x h for each family of plates, and in Fig. 11 , S* is the postbuckling stiffness of the plate without a cutout that was obtained from the finite-element analyses for each family of plates.
Values of E x for each of the laminates without a cutout and their average thicknesses h are given in Table 1 6 ] s plates are given by the dashed black lines with the unfilled triangles, unfilled diamonds, and unfilled squares, respectively.
The results in Fig. 7 generally show that the largest reductions in prebuckling stiffness with increasing cutout size are exhibited by the [0 10 ] s specimens, followed by the [(0/ 90) 5 ] s specimens. This trend is also exhibited by the finiteelement analysis results for the corresponding idealized plates (Fig. 10) Although many of the test specimens exhibit a reduction in postbuckling stiffness with increasing cutout size (see Fig.8 ), none of the specimens show a significant reduction in the ratio of the initial postbuckling stiffness to the prebuckling stiffness, S/S 0 (see Fig.9 ). This trend is also exhibited by the finite-element analysis results shown in Fig.  12 for the corresponding idealized plates, which initially appears to be nonintuitive. The trend is explained by observing that the prebuckling and postbuckling stiffnesses of these plates are changing approximately the same rate as the cutout size increase; that is, the slopes of the corresponding curves in the figures are approximately the same.
The 10 ] s specimens, is also exhibited to a large extent by the analysis results shown in Fig. 12 .
The test results in Figs. 7-9 include real effects like initial geometric imperfections, residual stresses, loading and thickness nonuniformities, and non-ideal support conditions that are likely to be encountered in real structures. This fact accounts, to a large extent, for the differences between the corresponding test results and the idealized finite-element analysis results that are shown in the figures. In addition, the experimentally measured values of the initial postbuckling stiffnesses are, to some degree, subjective and contribute to the differences between test and analysis results. In particular, the prebuckling and initial postbuckling results obtained from the finite-element analyses are obtained in a well-defined manner that has been described previously herein. Similarly, the prebuckling stiffnesses of the test specimens in Refs. 6 and 7 were obtained by determining the slope of the initial linear branch of the load versus endshortening curve, which is also a relatively well-defined process. In contrast, the postbuckling stiffnesses of the test specimens in Refs. 6 and 7 were obtained by fitting a line to the linear-most portion of the secondary branch of the load versus end-shortening curve and finding the slope, which does not necessarily yield a unique result when initial imperfections are present. This process, which was used in Refs. 6 and 7, was also guided by other data that were recorded during the tests.
One significant cause of the differences between the test and analysis results appears to be initial geometric imperfections (deviation from flatness). The effects of an initial geometric imperfection on the normalized prebuckling stiffness S 0 /E x h of aluminum plates and [0 10 ] s and [90 10 ] s graphite-epoxy plates without a cutout, that were obtained from finite-element analyses (E x = E for aluminum plates), are shown in Fig. 13 . For these results, an initial imperfection in the form of a half-sine wave along each coordinate direction and amplitude-to-average-plate-thickness ratio A/ h was used because no measured imperfection data was available. The results in Fig. 13 indicate a similar reduction in axial prebuckling stiffness for all three plates as A/h increases, with a maximum reduction of approximately 33% for an imperfection amplitude equal to the average plate thickness, h (A/h = 1). Thus, it is very likely that the discrepancies between the analysis and test results curves for S 0 /Eh in Fig. 7 are caused, to some extent, by initial geometric imperfections. This observation is consistent with the results presented in Ref. 10 that show a significant effect of initial geometric imperfections on the effective width of metallic plates. Moreover, the corresponding load versus outof-plane deflection curves presented in Refs. 6 and 7 indicate that relatively large initial geometric imperfections may 6 have been present in many of the test specimens. Other sources of discrepancies between the finite-element analysis and experimental results are variations in thickness and material properties, residual stresses, and nonuniform load introduction effects that were not measured for the test specimens. In addition, the idealization of the actual boundary conditions provided by the test fixture is likely to contribute some difference between the test and analysis results.
Regardless of the differences between corresponding test and analysis results presented in Figs. 7 through 12 , both the test and analysis results predict several of the same trends. Most importantly, the test and analysis results indicate a complex interaction between plate orthotropy and cutout size which results in significant variations in the prebuckling and postbuckling stiffness ratios of compression-loaded plates with or without a cutout. The result also show that real, imperfection-like effects can greatly affect the behavior of plates and should be considered in their design.
Effective-Width Ratios
Plots of effective-width ratios provide a simple means for incorporating the postbuckling strength and stiffness of plate subcomponents into the design of stiffened structures. Similarly, as shown previously herein, effective-width ratios can be defined for structural details, like a cutout, that cause a similar load redistribution as the structural detail increases in influence. The prebuckling range of the figures corresponds to < 1. Similar plots can be generated for the finite-element analysis results that have been presented herein, but have been omitted in favor of the compact design curve that is presented in Fig. 19 . The effective widths in Figs. 14-18 are determined by using Eq. (7) and the inputs used in Eq. (7) are from the experimentally measured results that were presented in the previous section. As a result of using Eq. (7), the effective-width curves that are presented subsequently are based on a bilinear representation of the load versus endshortening curves, and represent the initial postbuckling behavior of the test specimens. Material nonlinearities and large geometric nonlinearities that are associated with deviations from a bilinear load-end-shortening curve are not considered in the present study. Figs. 14-18 indicate a complex interaction between plate orthotropy and cutout size which results in significant variations in the prebuckling and postbuckling effective-width ratios of compression-loaded plates with or without cutouts. Equation (7) forms the basis for a very compact or concise way of representing the effective widths of the general class of laminated plates in addition to metallic plates. This property of Eq. (7) results from the fact that it applies to compression-loaded plates, with or without a cutout, and can be used with measured test data for S/ and S/S 0 or data from analytical or numerical methods. Similarities and differences in the behavior of various plates can be highlighted and compared directly by casting Eq. (7) into the form of a generic design chart like the one shown in Fig. 19 . In this figure, stiffness- 
Extrapolation of the Results
The concept of effective width can be applied to any structural detail or discontinuity that affects the apparent axial stiffness of a plate and causes the stresses on the loaded
edges of a compression-loaded plate to be redistributed toward the unloaded edges. For example, load introduction and thickness nonuniformities, initial geometric imperfections, spatial variation in material properties, boundary conditions, residual stresses, and certain kinds of damage affect the stiffness ratios S/ and S/S 0 , and graphs that show these effects can be used with Eq. (7) and Fig. 19 to obtain values for the effective width and the corresponding behavioral trends caused by variations in the stiffness parameters. A specific example of how the results presented herein can be used is given by a damage state in a plate that does not propagate or grow significantly with the load level. For this case, the load versus end-shortening response curve can be approximated by a bilinear curve and the effect of the damage on the stiffness ratios S/ and S/S 0 can be replaced by an estimated equivalent (or conservative) cutout. More precise values for the effective width could be obtained by establishing experimentally the effect of damage on the stiffness ratios S/ and S/S 0 . The approach presented herein should not be used for extensive damage propagation with load, material nonlinearities, geometric nonlinearities, or any other quantity that results in load versus end-shortening response curves that cannot be approximated as bilinear curves. However, Eq. (2) forms the basis for defining an effective width for laminated-composite plates, just as it did for yielding in metallic plates. 11 For this type of behavior, (N x ) max in Eq. (2) must be related to the applied end-shortening by a failure criterion, such as the maximum strain criterion.
Concluding Remarks
A study of the effects of cutouts and laminate construction on the prebuckling and initial postbuckling stiffnesses and the corresponding effective widths of compressionloaded, symmetrically laminated-composite and aluminum square plates has been presented. The effective-width concept has been extended to plates with cutouts, and results have been presented that include previously published experimental results and nonlinear finite-element analysis results for the corresponding geometrically perfect plates with idealized support and loading conditions and material properties. Behavioral trends that were obtained from the experimental results and from finite-element analysis results have been presented and compared for seven plate families and cutout diameter-to-plate width ratios ranging from 0 to 0.66. In addition, a general, compact design curve that can be used to determine and compare the effective widths of a wide range of laminated-composite plate constructions has been presented, and a discussion of how the results can be used and extended to include certain types of centralized damage, cracks, and other structural discontinuities or details that affect the axial stiffness of a plate has been given.
The results show that some plates with cutouts can have significantly higher prebuckling and initial postbuckling stiffnesses and effective widths than the corresponding plate without a cutout. These results illustrate a complex interaction between cutout size and plate membrane and bending orthotropies that affect the internal load distribution in a plate. 
